54 Asseclativity from commulativity.

The Nucleus=Center Theeorcm says that in nice algebras
which aren't associative, anything that associates with A also
commutes with A. Converssly, commutativilty goes a long way to-
wards implying ascociativity: in characheristic # 3 situatiﬁns,
anyihing which commutes wilh A also associstes with &, Charac-
teristic 3 is tha bad characteristie for zlternative algebras;
in this sschtien lhe gosfficient 3 will grop up in lots of un-
tanted places (rocall also 2.1).
4,1 (Commutativity-Implics-Rssociativity Lemma). L£ =z commubes

y

. . 3 ; ; . - , 2
with A then 3¢ and 27 lie in the center of 2, and [x,v,2]17 = 0O

\-‘
]
.
-
w
e
=
i
:
|

. If A has no nilpoltent eclements, or if 3 is injective
or surjective, then anv element which comautes with A lies in the

center,

Proof, 1If z comnutss with sverything so dogs 3z, and moro-

aver 3y assoclalbes with sverything by Lhe first of

(4.2 3Ix,y,z} = Tayiw]l = 2bsel = [Hi21% {Associator -

{4.3) Flzeyez] lzy, 2] + [vez,x] + [zx,v) . Commutatoer For-

malas)

Theoece are just lformulas (2.8) and (2.9).
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By Artin's Theorem, if z commutes with all x so does =z ,

: ; . 4% 3
and 23 aszoeciabas sinces [27,x,v] = (zaxjy - = (=) Tzlzx) s}y

©oa{zf (xy)} = 2l(zx) (zv) - z,Elxy))} (lelt Moufang)

z{lzx) (vz) - z(xy)z} = 0 (middle Mou ang).

»

: e
For [=z,v.,2]17 = 0 we ne=d
[z,v, [w,2,v1] = 0
for all a,v €A . This follows from (2¥)Iz,a,¥] = (z¥) {(za)y] -

Cey) lzelayll = {yzl{(zaly]l - lzy}{(ay)z} = U, =lza) - U  v(ay)

¥

{middle Moufanyg) and z{y[z.,a,y]} = zly,z,ay] (left bumpineg)

= - zly,ay,z] = - z{[{yalylz}- yl{aylzl} = - U_{(yay) + ziylz{av) ]}
= = Uz viay)l + (zye) lay) {left Moufang) = - Llz wiay) + Uy zza .
Setting a = i gives 0 = [z,y,[z,?,xz]] = [, y,%°0z,y,x%]] {(middle
bumping) = xelz,v,lz,v,x]] + [z,y,x]s]z,v,x] (linecarized middle
bumping) = 0 2{z,y,x]2 : since alrcady 3[z,y,x]2 = 0 from
3lv,v,x]1 = 0 , we see jz,y,x]z = ik .

; o 2 . .
IT A has no nilpotent elements then [z2,.y,x]" = 0 implics

Lid

[z,y¥,x] = 0 , and z is nuclear and so central. Similarly, if
is injectiwve 3[z,y,¥] = 0 implies [z,y,x] = 0 ard z is central.

If 3 is surjective, 3 = A ; then [z,5,4] = 3[z,2,R] =0 acain

implics 2 iz central. LI
4.4 Corollarv, A coumutative allernalive division algebra is
& {commutative, asscoictive) ficld. FE}

The Corellary has a geomsiric gignificance. Comnmutativity

- . . - - T
of +he ceordinate ring of a plane corresponds te Pappus Theoremn,
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associativily bte Desarguss' Theorem. The Corollary says that
Pappus implies Desargucs (a result which can also bz proven

E.

Lt

geonsbrically:

)
oA
I,:J,
¥
5
o
i
k

V).

The Corcllzry actually holds for simple algebras, but the
proof at one point relies on results about pelynomal identities;
it weuld be nices to have an elemz=ntary proal.

-

when not just 2 but 8ll of A commutes, it 1s relatively

-

gasy to show Tx,y,z]J = 0 = writing [x,v.z] = u - v for
, ' 3 3

u = (wy)z , v = x{yz) we have [x2]” = {(u = v)

3 ; ; - ; ; g
= u - v = 3uv{n - v} by Artin's Thaorem sincc ¢ [U ¥} 15 COM-
mutative assoeiative; but 3{u - v) = I[x,v,=z] = 0 , and using

. : 2t : . 3 £ Rt 3 3 3
Ariints Theorem Lwice 1™ = {{xv)z: = (xwy) z = [x Fd]“ ’

3 3 . 3 3 3 3 L3

v3 = = (¥ z7) , B0 &aisoc u - v = [x7,y",2"] = 0 . Thus

[K:Fleg = 0 .

We give examples to show that in characteristic 2 commut-

aitivilty is nob snough Lo imply associlativity.

4,5 Fuxample. We consbruct a commutative alterrative algehra,
of dimension 6 over any ring of characteristicg 3, which is not

assoclative. 1t has nultiplication table
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bt
L

N
a4}

= %4 d R ¢ o 0
x3 0 He 0 -xﬁ a 1]
b 0 0 -3 0 I} 0

By synmelry of the taeble, & iz computative, Thersfore we need

only chork lefit alternetivicy. Since for i =4 ax, + *y A = g

e

and Axﬁ'i = =0 , [ﬁ,ﬁ,xi] = [A,xi,hl = . AA]l = 0 trivially

G

For i > 4 . Thus we need only consider associators involving only
: ) ] . - . . - . 2
xl;xi,ka . Again ]xi,xirﬁ] = 0 is trivial =ince ﬂi = 0 gnd
xi{Hi A) = 0 . Thus we need orly [x,yv,z2] + [yv,x,2] = 0 for %,¥,%
basis elements x. (L21%3) . Here [z, ,2..x N b O T
= Aw ouw. — mM.¥_, = = 3m, = 0 1in characteriszitic 3, [%X.,X.,X
473 2 S b = PRy ey ny)

F o ¥oixg] = osusroage memow, = R R oo .

Lz e%g %51 15 370 %5 g = 0 ¢ [xyeg, %]
+ [xj,xz,hl] = Zxﬁxl = H,E, T 3X6 = [ hecavse of characteristic

2 again.
Thus A is altornative. However, it is not associabive sihce

ix]:xgzle ST I T
A is nilpotent, 2% 0 , but ths interscctiorn of all nonzero

1

ideals (the "heart" of &) turns oul Lo be @xﬁ K
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4,6 Dxample. Lelk w[x,y;zj he ths free a]Larn;tive algebra on

3 generators oVer a fielﬂ & of echaracteristic 3, and A = Q[x,y,z]fK
for ¥ the ideal generated by [x,v1,1v.2]1.I2.x] . In characteristie
3, (%.2) shews any a » la,b] is a derivation; thus-if the commuta-

tors of degree 2 in the generatcrs vanish, all commubators van-

l

ish since thev can be broken down inte degree 2 commutators, and
A is gommubative. Th is nol asscciative since [x,v,;=2] € K ,

I#,¥,2), cannel be gensrated by [x,v].[v.2]1,[2,x] . Tndeed, 1f 1t
could then hy censidaring dogrees in x,v,2 there would have to o2

a relation oy z[x,v] + Sl[x,y]z 1oy, w(y,=z] + ﬂz[y,z]x + ﬂgy[z,x]

+ EgIz,x]y = [x,yv,z] back in #[x,y,z] . But then the same would

.

hold in the fres associalive algebra. Expanding the commutators

out, the poafficiants of xyz, ¥V, YEX,VXZ,23XyV,2yX are respaclively

By + 0y 4 =@y = By v By h Oy g 7 By oy Y By T o T By 7

3

these all mast vanish o [x,vez] O in lhe frec aszociative algebra)

G = oo = G = o = == = — 3o back to th=
50 1 2 Gy ' 31 & g o o« Golng bacl

. - - k| ]
free alternative, we nmuslk have [%,v.2] = allz,[xv1] + [x%, Evs2]]
: Lty

+ Iv,12,x%11) = Salx,v,2] = 0 in characteristic 32, wherzas

P, v, 2] % 0 in #lx,v,%s] . {We have an cpimorphism onto the Cavley

; {1) {2 3] -
algsbra wvia x - €q5 s + ei;jf z - EiEJ r [, 7,21 -+ €40 < €91 # 0}
Thes [%,v,2] € X and [x,v,z] ¥ 0 in A .

We can modify this to give an evample promised earlier of an

isotome which iz nobt isomorphic.

r



1 T " R
4.7 Example, Set A = ¥[x,v,z)]/K where K 1s generated by

g 3 , " _ . . :
¥ and z° (20 we take the cormmutative alternative algebra A and

-\.3 ;
divide out by the relation z = 0 ) . This new A inherits cem-

mutativity, and by degree considerstions [x,y,z] still isn't

- e ]

5 . - = . Lt o
i1 B (i.e. [®,¥2] % 0 Iin A& ) « Sinece z has bean rendsrod nil-

potent, u =1 - % fias bheen rendered invertible. We elainm ths

% (i, 1)

isotops is not even commutative, so can't possibl

isomporphic to A: wo have [x,v

= [xaly - (vi)x = {Eﬁ}} - ﬁ{ﬁ%}{cuﬂmniatiVii? of A) = [#,1 - =2,¥}

et

1

- I;".-Eri’:] F" U .
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#5, Problem Set on Casimit Operators

1f (&,7) iz a birepressntation of an altearnativa gzlgehra A om &

finite—dimensionz]l biwodule M over a ficld ¢, show the left {race

rt

t ot = tr i 4= tl{yx) and
TR = tr A, t{yx)

form 7,(x) = tr 2 satisfles 1(xy) =
1{{xy}é] = t{xlyz)), 30 v(x,¥} = 1({¥x) defines a symmetric, associa-
tive bilincar fors on A, Show t(z) = 0 if 2z is nilpotent znd tl(e) =
dim¢ e Lf & is idempotent.

Bhiow Ker i = {x[ix = (] is contained in the radical Rad 1 of the
bilinear forsm 1. If % has characteristic rzero show Rad 7 1is nil
modulo the ideal Key f. If all fdeals B <) & have ualts e (a= will

be the case when A is semisimsle with d.e.c. - sse Chapter VIII) show
Rad v = Ker .

The Centroid I of & bimodule M is the sebt of all lincay transfer-

mabions on M whiecn commute with all lx* Ry for € A {i.e. with

M), show any Ton E=4A ¢ Mwhich leaves M invariant and
5 il

commutes wilh M_(A) restyicts to an element T = TI‘.] in T{H).

If ¥ dis irreducible, show T7(M) de & diwvision alpobra.

If {(2,r) is a hirepresentation of a finite-divensicnal algebra A over

g field ¢ on a finfte-dinensional bimodule M with nondegenerate trace

1 arp dnal hasis for 4

form v = 1, show ¢ iz faithtul; 2f {x }, {=%
L L i
relatdwe to o, show the left Casimir operater C, = & N T belongs
iy et L - s
i i

te the centreid I'(M) . Show tr € = n = dim A, so if Che character—
E
istic # 0 then E£ # 0 and Cﬂ ig dnvertible ifF M is irreducible.

Infortunately, the Casimir eperator doesn't seem to lead (as it

docs in the associative or Lie ease) to a vroofl that the coliomolegy groups

of a separable algcbra are zero.



